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Abstract. Let A be a d x n integer matrix whose column vectors 
generate the lattice Z d , and let D(Ra) be the ring of differential 
operators on the affine toric variety defined by A. 

We show that the classification of ^4-hypergeometric systems 
and that of Z d -graded simple D(Ra )-modules (up to shift) are the 
same. We then show that the set of Z d -homogeneous primitive 
ideals of D(Ra) is finite. Furthermore, we give conditions for the 
algebra D(Ra) being simple. 
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1. Introduction 

Let A be a d x n integer matrix whose column vectors generate the 
lattice Z d . Let Ra be the ring of regular functions on the affine toric 
variety defined by A, and D(Ra) its ring of differential operators. 

In this paper, we show the following three theorems: 

(1) The classification of A-hypergeometric systems and that of 7L d - 
graded simple ^(-R^-niodules ( U p to shift) are the same (The- 
orem I5.10|) . 

(2) The set of Z d -homo geneous primitive ideals of D(Ra) is finite 
(Theorem 17. 6|) . 

(3) The algebra D(Ra) is simple if and only if Ra is a scored semi- 
group ring, and A satisfies a certain condition (C2) (Theorem 

EM- 

The ring of differential operators was introduced by Grothendieck 
and Sweedler [T^]. As for the ring of differential operators D(Ra) on an 
affine toric variety, many recent papers such as Jones jH], Musson [TT] . 
and Musson and Van den Bergh [TJ] describe the structure of D(Ra) 
when Ra is normal. For general Ra, we studied the finite generation 
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of D(Ra) and its graded ring with respect to the order filtration in 
[To] and [To'] . Moreover, in [T^], we showed that the algebra D(Ra) 
and the symmetry algebra (the algebra of contiguity operators) of A- 
hypergeometric systems are anti-isomorphic to each other. This paper 
may be considered continuation of j!5j . 

The history of A-hypergeometric systems (or GKZ hypergeometric 
systems) goes back to Kalnins, Manocha, and Miller |T , and Hrabowski 
[7]. After the papers by Gel'fand, Kapranov, and Zelevinskii (e.g. [2] 
[5]), researchers in various fields have studied the systems, and es- 
tablished connection with representation theory, algebraic geometry, 
commutative ring theory, etc. See, for example, the bibliography of 

Associated to a parameter vector a and a face r of the cone gen- 
erated by the column vectors of A, we defined a finite set E T (cx) (see 
© in Section 7) in [T3], and proved that the A-hypergeometric sys- 
tems are classified by those finite sets. Hence in order to show that the 
classification of A-hypergeometric systems and that of Z d -graded sim- 
ple D(i?^)- m odules (up to shift) are the same, we only need to show 
that Z d -graded simple D(Ra) -modules can be classified (up to shift) 
by the finite sets E T (a) as shown in Theorem 14.41 essentially in ^2] 
and (T^j. It is however desirable to show the equivalence intrinsically. 
We therefore present the second proof of the equivalence by connecting 
/L-hypergeometric systems with certain Z d -graded D(Ra) -modules by 
functors ( Corollary 15. 9|) . 

Some topics discussed in this paper were treated in [T2] under the 
conditions {Al) and (A2) (see p. 4 in [T2]). In our case, (Al) is al- 
ways satisfied, and (A2) requiring that all Z d -homogeneous components 
D(Ra)o, are singly generated -D(i?4)o-modules is equivalent to requir- 
ing that Ra satisfies the Serre's (S2) condition (see Proposition 18. 7|) . 
In this paper, we do not assume the Serre's (S2) condition. 

The layout of this paper is as follows: we start with recalling the 
definitions and some fundamental facts about differential operators in 
Section 2, and about A-hypergeometric systems in Section 3. In Section 
4, we recall some results by Musson and Van den Bergh ^2] about the 
category O, analogous to the Bernstein-Gel'fand-Gerfand's category 
O, and the counterpart r O for right D(i?A)- m odules. Then we recall 
realizations L(cx) ( R L(a)) of simple objects in O { r O) from ^3], and 
we show that we have a duality between O and r O sending L(cx) and 
R L(et) to each other. We also show that any Z d -graded simple D(Ra)- 
module is isomorphic (up to shift) to L(cx). These combined prove 
that the classifications of L(cx), R L(ot), their projective covers M(oc), 
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R M(ct), and a with respect to the equivalence relation determined by 
the finite sets E T (a) are the same. 

In Section 5, we provide two functors between the category of right 
D(-R J 4)-modules and the category of right D(R) -modules supported by 
the affine toric variety defined by A, where D(R) is the n-th Weyl 
algebra. One is the direct image functor, for right .D-modules, of the 
closed inclusion of the affine toric variety into C n , and the other is its 
right adjoint functor. By using these functors, we prove that R M(ot) ~ 
R M(f3) if and only if their corresponding A-hypergeometric systems are 
isomorphic ( Theorem I5.1UJI . 

After we see a couple of basic facts about primitive ideals in Section 
6, we show in Section 7 that if we properly perturb a parameter a then 
the annihilator ideal Ann L(ot) remains unchanged, and in this way we 
show that the set Prim D(Ra) of Z d -homogeneous primitive ideals of 
D(Ra) is finite (Theorem 17. 6|) . 

In Section 8, the simplicity of D(Ra) is treated. First we consider 
the conditions: the scoredness and the Serre's (5*2). We prove that the 
simplicity of D(Ra) implies the scoredness, and that the conditions 
(A2) and (5*2) are equivalent. Finally we give a necessary and sufficient 
condition for the simplicity ( Theorem I8.25J1 . In Section 9, we give an 
example of computation of the set Prim D(Ra), and an example such 
that Ra is scored and Cohen- Macaulay, but D(Ra) is not simple. 

2. Ring of differential operators on an affine toric 

VARIETY 

In this section, we recall some fundamental facts about the rings of 
differential operators of semigroup algebras. 

Let A := { Oj, a 2 , . . . ,a n } be a finite set of column vectors in Z d . 
Sometimes we identify A with the matrix (a 1; a 2 , . . . , a n ). Let NA 
and Zv4 denote the monoid and the abelian group generated by A, 
respectively. Throughout this paper, we assume that Zv4 = Z d for 
simplicity. 

Let R denote the polynomial ring C[x] := C[x\, . . . ,x n ]. The semi- 
group algebra Ra '■= C[NA] = © agNj4 Ci° is the ring of regular func- 
tions on the affine toric variety defined by A, where t a = t" 1 ^ 2 ■ • 
for a = t (a\, ci2, ... , ad)- Then we have Ra — R/Ia{%), where Ia{x) is 
the ideal of C[x] generated by all x u — x v for u,t)Gff with Au = Av. 

Let M,N be i?-modules. We briefly recall the module D(M,N) of 
differential operators from M to N. For details, see ^7j. For k G N, 
the subspaces D k (M, N) of Hom c (M, N) are inductively defined by 

D°(M,N) = Hohir(M, N) 
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and 

D k+1 (M, N) = {Pe Hom c (M, N) : [f, P] G D k (M, N) (V/ G R}, 

where [, ] denotes the commutator. Set D(M,N) := \J™ =0 D k (M, N), 
and D(M) := D(M,M). Then D(M) is a C-algebra, and D(M,N) 
is a (D(iV),D(M))-bimodule. Hence D{R,R A ) is a (D(R A ), D(R))- 
module. 

The ring D(R) is the n-th Weyl algebra 

d d 
D(R) = C(xi, ...,x n , — , . . . , — ), 

OX\ ox n 

where [-£r, Xj] = Sij, and the other pairs of generators commute. Here 
5ij is 1 if i = j and otherwise. 

Let C[t, t -1 ] denote the Laurent polynomial ring C[tf 1 , . . . , t^ 1 ]. Then 
its ring of differential operators D(C[t, t -1 ]) is the ring 

C[tf\...,t^]{d u ...,d d ), 

where t,-] = [dj, tj 1 ] = —SijtJ 2 , and the other pairs of generators 
commute. The ring of differential operators D(R A ) can be realized as 
a subring of the ring P(C[t,£ -1 ]) by 

D(R A ) = {P G qtf 1 , . . . , ^K^, . . . , d d ) : P(itU) C P A }. 

Put Sj := for j = 1,2, ... ,d. Then it is easy to see that Sj G 
D(R A ) for all j. We introduce a Z d -grading on the ring D(R A ); for 
a = *(ai, 02, . . . , ad) G Z d , set 

D{R A ) a := {P G D{R A ) : [s,-, P] = a 3 P for j = 1, 2, . . . , d}. 

ThenD(R A ) = ® a&d D(R A ) a . 

By regarding D(R A ) a as a subset of Cft^ 1 , . . . , t^ 1 } (di, . . . , c^), we see 
that there exists an ideal I of C[s] := C[si, . . . , Sa] such that D(R A ) a = 
if* I. To describe this ideal I explicitly, we define a subset fl(a) of the 
semigroup by 

fl(a) = {6GNA: b + a £ fM } = NA \ (-a + NA). 

Then each D(R A ) a is described as follows. 

Theorem 2.1 ([8 , Theorem 3.3.1 in JEJ). 

P(Pvi)a = *°I(fi(a)) /or a// a G Z d ; 

w/iere 

I(fi(a)) := {f(s) G C[s] : / vanishes on fi(a)}. 



In particular, D(R A ) a = t a C[s] = C[s}t a for each a G MA, since 
Q(a) = in this case. 
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3. A-HYPERGEOMETRIC SYSTEMS 

Let us briefly recall the definition of an A-hypergeometric system 
and its classification. 

Let a. = t (ai,..., aid) £ < C d - The A-hypergeometric system with 
parameter ck is the left Z)(i?)-module 

/ d n rj 

H A (a) := D(R)/ ^ ^(i?)^ - a t ) + D(R)I A (d) 

\ i=l j=l 3 

where a, = t (a lj , a 2j , . . . , a dj ), I A (d) is the ideal of C[^, . . . , -£r] gen- 
erated by all FT? , wr- ~ HI 1 wr~ for u,v eW l with Au = Av. 
Interchanging Xj and for all j, we have an anti-automorphism l 

of D(R). Clearly l gives rise to a one-to-one correspondence between 
the left -D(i?) -modules and the right D(R) -modules. Thus i induces a 
right -D(i?)-module 



H A (a) :=D{R)/ Y(Ya ij x j —-a i )D{R) + I A {x)D{R) 




Note that t(xj-^) - 

In [To^ Definition 4.1.1], we have introduced a partial order into the 
parameter space C d (see ()10p). which is equivalent by Lemma 4.1.4] 
to 

(1) a^^W-aHra Q , 

where m a is the maximal ideal of C[s] at a. Note that, if (3 — ct ^ Z d , 
then Q((3 — a) = NA, and hence a ^ (3. We write a ~ (3 if a ^ (3 
and ct>zf3. This equivalence relation was introduced also by Musson 
and Van den Bergh (see ^21 Lemma 3.1.9 (6)]). 
This relation classifies A-hypergeometric systems. 

Theorem 3.1 (Theorem 2.1 in [IB])- H A (ct) ~ H A ((3) if and only if 

4. D(_Ra)-modules 

In this section, we recall some results by Musson and Van den Bergh 
[TJj about the category O, and the counterpart r O for right D(R A )- 
modules. Then we recall realizations L(a.) ( R L(a)) of simple objects 
in O ( r O) from [12], and we show that we have a duality between O 
and r O sending L(a) and R L(ot) to each other. We also show that any 
Z d -graded simple D(R A ) -module is isomorphic (up to shift) to L(ct). 
These combined prove that the classifications of L(cx), R L(ct), their 
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projective covers M(at), R M(ct), and a with respect to the equivalence 
relation ~ are the same. 

4.1. Left modules. Let us recall the full subcategory O of the cate- 
gory of left L*(i? J 4)- m odules introduced in which is an analogue of 
the Bernstein-Gel'fand-Gel'fand's category O for the study of highest 
weight modules of semisimple Lie algebras. A left D (Ra) -module M is 
an object of O if M has a weight decomposition M = © AeC d M\ with 
each M\ finite-dimensional, where 

M x = {xeM : f(s).x = f(X)x (for all / G C[s])}. 

We call A a weight of M if M A ^ 0. 
For a = *(«!, . . . , ad) G C d , set 

M(a) :=D(R A )/D(R A )(s- a ), 

where D(R A )(s — a.) means X^=i D{Ra){si — on). Then M(a) = 
0A e « + zA Af (a) A , and Af (a) G O. 

Among others, Musson and Van den Bergh proved the following. 

Proposition 4.1 (Proposition 3.1.7 in [T2"]). 

(1) Hom D(/?A ) (M(a),M) = M Q /orlG O. 

(2) M(ot) a projective object in O. 

(3) M(a) has a unique simple quotient (denoted by L(ct)). 

(4) All simple objects in O are of the form L(a). 

(5) The natural projection M(a) — ► L(ai) zs £/ie projective cover. 

(6) M(a) ~ M((3) if and only if L(a) ~ L(/3). 

Remark 4.2. Musson and Van den Bergh assumed the conditions (Al) 
and (A2) (see p. 4 in [T2] ). In our case, (Al) is always satisfied, and 
(A2) requiring that all D(RjA a are singly generated C[s]-modules is 
equivalent to requiring that R A satisfies the Serre's (S 2 ) condition (see 
Proposition 18 Tj) . For Proposition 14.11 we do not need the condition 
(A2). 

Remark 4.3. Let M G O, and let iV be a left L>( J R j4 )-submodule of M. 
Then iV G O. Hence, if M is a simple object in O, then M is a simple 
left D(i? J 4)-module. 

Let a G C d . In [T5] . we studied the composition factors of a _D(.Ra)- 
module 

and we saw that 

(2) Ct*/ O a 
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is simple Theorem 4.1.6], where A y cx means A y cx and X ^ ex. 
The D(Ra) -module (J2J) is a simple quotient of M(oc), and hence a 
realization of L{ot). In particular, the set of weights of L(cx) is 

{A e C d : A ~ a}. 

Theorem 4.4 (cf. Lemma 3.1.9 (6) in [12J). L(oc) ~ £(/3) if and only 
if cx ~ /3 . 

Proo/. By the realization ©, L(a) = L((3) if a ~ /3. 

If ck /3, then L(ck) and L(/3) have different weights. Hence L(a) 9^ 
L(0). □ 

Proposition 4.5. Lei M be a Z d -graded simple left D(R a) -module. 
Then M is isomorphic to L(a) for some cx as a left D(R a) -module. 

Proof. Recall that D(Ra)o = C[s]. First we show that each nonzero 
M\ is a simple C[s]-module. Suppose that N\ is a nontrivial C[s]- 
submodule of M A . Put iV := © aeZd N x+a = @ a&A D{R A ) a N x . Then 
N is a nontrivial Z d -graded submodule of M, which contradicts the 
assumption. 

Suppose that M x 7^ 0. By the first paragraph, there exists cx G 
C d such that M x ^ C[s]/m a as C[s] -modules. Let M[A — a] be 
the Z d -graded Z^-R^-module shifted by A — cx, i.e., M[X — cx]^ = 
M M+A _«. Then M[A — a] = © Meci+Zd M[A-a] M , and M[A-a] a+a = 
D(R A ) a M x . Hence M[A - a] E O, and M[A - a] ~ L(a) G 0. □ 

4.2. Right modules. A right Z)(Pla) -module M is an object of r O if 
M has a weight decomposition M = @ Xe£d M\ with each M A finite- 
dimensional, where 

M A = {2 G M : *./(*) = /(— A)z (V/ G C[s])}. 

We can make a parallel argument about the categories O and r O. 
Indeed we shall show that there exists a duality functor between them. 
For cx G C d , set 

R M(a) :=D(Ra)/(s-cx)D(Ra). 

Then R M(cx) = ® Xe _ a+ZA R M(cx) x , and R M(cx) G r O. 

The following proposition is proved in the same way as Proposition 
Ol 

Proposition 4.6. (1) Rom D(RA) ( R M(cx), M) = M_ Q for M G r O. 

(2) R M{cx) is a projective object in r O. 

(3) R M{cx) has a unique simple quotient (denoted by R L(cx)). 

(4) All simple objects in O are of the form R L{cx). 

(5) The natural projection R M(cx) — > R L(cx) is the projective cover. 
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(6) R M(a) ~ R M((3) if and only if R L(a) ~ R L(/3). 

The ring D(Ra) is a subring of C[tf 1 , . . . , . . . , 9<f)> where we 

can take formal adjoint operators, and thus we can consider a right 
D(-R J 4)-module 

c[ t f\...,trrj. 

Here the right action of P = Y2 a ^ a fa( s ) 011 this m °dule is defined by 

, sdt\ „ . .dt 

9 ( ( )-j.P: = p.( 9 ) T , 

where P* = ^ a / a ( — s )^ a ' anc ^ recan that Sj = tj<9j (i = 1, . . . d). 
Then 

(3) 0cr^/0cr^. 

is a realization of R L(ct). 

Let M e O ( r O). Then Hom c (M, C) is a right (left) L>( J R j4 )-module. 
Define a right (left) Z^PyO-submodule M* of Hom c (M, C) by 

M * := 0M*, M* := Hom c (M_ A , C). 

A 

Then * : O — > (* : — >■ O) is a duality functor. Hence we have 
the following proposition. 

Proposition 4.7. (1) Hohi d(Ra) (M, R M(a)*) = Hom c (M Q , C) for 
M eO. 

(2) R M(ot)* is an injective object in O. 

(3) r M(ol)* has a unique simple subobject R L(cx)*in O . 

(4) L(a) ~ *L(a)*. 

(5) The natural inclusion R L(a)* — > jR M(ck)* i/ie injective hull. 

(6) L(a) ~ L(/3) i/ and on/?/ if R L(ct) ~ R L((3). 

Proof. (4) follows from the fact that two simple modules L(a) and 
R L(a)* have the same weight spaces. 

The other statements are clear. □ 



5. A-HYPERGEOMETRIC SYSTEMS AND CATEGORY 

We have proved that the classification of A-hypergeometric systems 
and that of simple modules L(a) (or R L(cx)) are the same, by showing 
that simple modules L(a) are classified according to the equivalence re- 
lation ~ in Theorem 14 .41 In this section, we make another way to prove 
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the coincidence of the classifications; we connect A-hypergeometric sys- 
tems H A (a) and right D(R A )-modvles R M(a) by functors. This proof 
is intrinsic, and hence more desirable. 

5.1. The bimodule D(R,Ra). In this subsection, we decompose the 
(D (Ra), D(R))-bimodule D(R,Ra) into its Z d -graded parts similarly 
to Theorem 12.11 

Let C[x, x~ x ] denote the Laurent polynomial ring Cfxf 1 , . . . , x^ 1 ]. 
By [U p. 31], we have 

D{R,R A ) = {P e ar^C^r 1 ]) : P(R) C R A }. 

From [TH 1.3 (e)], 

DiCix^- 1 ],^^- 1 }) = D{C[x,x- 1 })/I A {x)D{C{x,x- 1 ]), 
and hence 

d(C[x, x- 1 ], c[t, r 1 ]) = t a c\e u ...,e n ], 

a£Z d 

where 9j = %j-£r (j = 1, • • ■ , n). From 1.3 (e)] again, we have 
(4) D(R,R A ) = D(R)/I A (x)D(R). 

Note that D(R A ) C D(R,R A ) by ©. Here we identify ^ and s< 
with and YTj=i a ij@j respectively (j — 1, . . . , n; i — 1, . . . , d). In 
fact, we have 

D(R A ) = D(R, R A ) n Z^C^ 1 ]) 

in ^(Cfoar^Cfot- 1 ]). The bimodule D{R,R A ) inherits the Z d - 
grading from D(C[x, x -1 ], C[t, t -1 ]), 

D(i2, i? A )a = i?A) n t a C[6 u ...,9 n ]. 

Proposition 5.1. 

D(R,R A ) = 0«(^(a)), 

where £l A (a) = N n D T^ 1 (Q A (a)) , T A is the linear map from Z™ to Z d 
defined by A, and I(Q A (a)) is the ideal ofC[9) = C[9i, . . . ,9 n ] vanishing 
on Q A (a). 
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Proof. We have 

t a p(6)eD(R,R A ) a 

t a p(6)(x m ) G C[NA] (Vra G N n ) 
^ p(m)t a+A ™ G C[NA] (Vm G N n ) 

a + Am G or p(m) = if m G N™ 
^ p(m) = (Vm G N"\Tj 1 (-a + NA)). 

□ 

Corollary 5.2. R A ) a = t a C[9] for all a G NA. 

Proof. In this case Q{a) = 0. Hence I(Cl A (a)) = C[0]. □ 

To close this subsection, we describe the weight decomposition of 
R H A (a). Let 

n 

R H A (a) x := {x G : x.^a^- + A*) = (i = l,...,d)} 

3=1 

for A = *(Ai, . . . , Ad). Note that the weight space D(R,R A ) a is a 
(C[s],C[0])-bimodule, since D(R A ) = C[s] and L>(i?) = C[6]. We 
have 

*# A (a) = R H A (a)_ a+a , 

aei d 

= ($D(R,R A ) a /(s-a)D(R,R A ) a 

= ($D(R,R A ) a /D(R,R A ) a (Ae + a-a) 

aei d 

(5) = 0t a (l(fJ(a))/I(ft(a))(A0 + a-a)) . 

aei d 

5.2. Functors. Let Mod R (D(R A )) denote the category of right D(R A )- 
modules, and Mod A (D(R)) the category of right D(R)- modules sup- 
ported by the affine toric variety Y(I A (x)) defined by A. A right D(R)- 
module iV is said to be supported by Y(I A (x)) if for every x G N there 
exists m G N such that xI A (x) m = 0. 

Let $ denote the functor from Mod R (D(R A )) to Mod^(D(R)) de- 
fined by 

$(M) :=M® d{Ra) D(R,R a ), 



PRIMITIVE IDEALS OF THE RING OF DIFFERENTIAL OPERATORS 11 

and * the functor from Mod%(D(R)) to Mod R (D(R A )) defined by 
tt(JV) := Rom D{R) (D(R,R A ),N) 
= {x G N : acinar) = 0}. 
Then \l/ is right adjoint to $, 

Hom D(/?) ($(M),AT) ~ Hom D(/?A) (M,*(iV)). 

Remark 5.3. The functor $ is the direct image functor, for right D- 
modules, of the closed inclusion 

Y(I A {x)) = {xeC n f(x) = (V/ e I A (x))} - C n . 

For a closed embedding between nonsingular varieties, such a direct im- 
age functor gives an equivalence of categories, known as Kashiwara's 
equivalence (see e.g. [THl Theorem 4.30]). In our case, the affine toric 
variety Y(I A (x)) is singular whenever n ^ d, and the cone M>o^4 gen- 
erated by A is strongly convex. 

We have 

$(D(R A )) = D(R,R A ), 

and 

V(D(R,R A )) = End D{R) (D(R)/I A (x)D(R)) = D(R A ). 
The following proposition is immediate from the definitions. 
Proposition 5.4. We have 

$( R M(a)) = R H A (a). 
Hence, if R M(a) ~ R M((3), then R H A (a) ~ R H A (f3). 

To show the inverse of Proposition l5.4[ We need the following lemma. 
Lemma 5.5. 

End D{R) ( R H A (a)) = Cid. 

Proof. Let ip G End D{R) ( R H A (a)). Since ip(T) G R H A (a)- a , there 
exists a polynomial f{9) G C[9] such that = /(#)• Here P is the 
element of R H A (ct) represented by P G D(R). Let u, v G N n satisfy 
Au = Av. Then 

= tp(x u - x v ) = ^(l)(x u - x v ) 

= J(9)(x u - x v ) = t A "(f(6 + u)-f(6 + v)). 

By (J3J, we have 

f{6 + u)- f{0 + v)e {AO + Au- a)C[9] 
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for u,v G N n with Au = Av. Hence f(9)-f(6 + l) G (A6-a)C[6] for 
all I G L, where L = {I G Z n : = 0}. Letting A7 = a (7 G C n ), we 
have/(7)-/(7 + Z) = for all I G L. Thus /(7+0) G /(7) + (A0)C[0], 
or equivalently 

/(0)e/( 7 ) + (i40-a)C[0]. 

Hence ^(T) = f(9) = f(j). Therefore V = f{l)id. □ 
Let /3 - a G Z d , and Q G D{R A )p- a . Then 

(6) Q : R M(a) BP^QPe R M((3) 

(7) ^ Q : BP^QPC R Ha(/3) 
are well-defined morphisms. Clearly tJ)q = $(0q). 

Lemma 5.6. TTie natural map 

D{R A )(3- a 3Q^<p Q e Rom D{RA) { R M{(x), R M{f3)) 
is surjective. 

Proof. Let G Hom D(i?vl) ( R M(a), R M((3)). Since 0(T) G R M(f3)- a , 
there exists Q G D(R A )/3_ a such that 0(1) = Q. Then = 0q. □ 

As to Horn D ^( R H A (cx), R H A (f3)), we have the following by Lemma 
ETS1 

Corollary 5.7. Suppose that R H A (a) ~ R H A (f3). Then 

dun c Rom D{R) ( R H A ( a ), R H A (f3)) = 1, 

and t/ie natural map D(R A ) f3 _ a — > B.om D ^( R H A (cx.), R H A ((3)) is sur- 
jective. 

Proof. The first statement is immediate from Lemma f5. 51 The second 
follows from the fact that in this case the image of the map is not zero 
by [13]. □ 

Now we are in position of proving the inverse of Proposition 15.41 
Note that there exists a natural morphism M — > \1/($(M)) for M G 
Mod R (D(R A )). 

Proposition 5.8. Suppose that R H A (ct) ~ R H A ((3). Then 

ttom D{RA) ( R M(a), R M({3)) ~ Rom D{R) ( R H A (a), R H A {(3)). 
Proof. Corollary 15.71 states that there exist Q,RE D(R a ) such that 
: R H A ( a )3P^QPe R H A ((3) 
ij> R : R H A ((3)3P^RPe R H A (cx) 
satisfy ij) R o tp Q = idR HA{a) and ^ Q o^ R = idn HA (i3)- 
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The image of the natural morphism R M(ct) — > \&($( R Af (ex.))) = 
ty{ R H A {a)) is l a D{R A ), where 

*( R H A (a)) = Eom D{R) (D(R, R A ), R H A (<x)) 3 l a :P^P. 

The isomorphism ipq induces an isomorphism ^{ipq) : 

Eom D(R) (D(R,R A ) R H A (cx)) - Rom D{R) (D(R, R A ), R H A (f3)). 

We show that the restriction of ^(i^q) to l a D(R A ) gives an isomor- 
phism l a D(R A ) ~ l^D{R A ). By definition *(^q)(1«) = e 
1 /3 L'( j Ra)- Hence *(^q)(1«-D(-Ra)) Q lpD(R A ). In addition, we have 

l / 3 = l / 3Qi2 = *(Vg)(l«fl). 

Hence ^(^q)(1 q ,-D(.R j 4)) = I^-D(-Ra)- We have thus proved that 
induces an isomorphism l a D(R A ) ~ l^Z^i^). It is lifted to an iso- 
morphism between their projective covers in r O, r M(ol) ~ R M(f3), 
which is clearly <J)q. Thus 0q and ipQ correspond to each other. □ 

Combining Propositions 15.41 and 15.81 we have the following. 

Corollary 5.9. R M(ct) ~ R M((3) if and only if R H A (a) ~ R H A (/3). 

We summarize the classification. 

Theorem 5.10. TTie following are equivalent: 

(1) a~y3. 

(2) ff A (a) ~ # A (/3). 

(3) *# A (a) ~ R H A (f3). 

(4) M(a) ~ M(/3). 

(5) R M(ct) ~ R M((3). 

(6) L{cx)~L{(3). 

(7) fl L(a) ~ K L(/3). 

6. Primitive ideals 

In general, a left primitive ideal is not necessarily a right primitive 
ideal. In our case, however, we have the following proposition thanks 
to the duality. 

Proposition 6.1. For each a G C d , the annihilators Ann(L(a)) and 
Ann( R L(ct)) coincide, i.e., 

Ann(L(a)) = Ann( R L(a)) . 

Proof. By definition, it is clear that 

Ann M C Ann M* 
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for M G 0{ R 0). Since R L(a)* = L(a) and L(a)* = R L(a), the 
statement follows. 

□ 

Hence the set of annihilators of Z d -graded simple left -D(i?A)-niodules 
and that of Z d -graded simple right D(Ra) -modules are the same. We 
denote it by Prim(D (Ra)), 

Pvim(D(R A )) = { Ann(L(a)) : a G C d }. 

Next we describe the graded components of the annihilator ideal 
AnnL(o;). For a G C d and a G Z d , we define a subset Ar ce i(a) of 
a + Z d by 

A[ a ] (a) := {/3 G a + Z d : (3 ~ a, /3 + a ~ a: }. 
Proposition 6.2 (Proposition 3.2.2 in [T2|) . £e£ 

(AnnL(a)) a = AnnL(a) n D(R A ) a 
for a G Z d . T/ien 

(AnnL(a)) a = t a I(fi(a) U A H (a)) 

/or a// a. 

Proof. Let /3 ~ a, and let ^ G L(a)p. Then 

Ann^ja - | D (£ A)a n t a (s _ ^ (/3 + a „ a) 

Hence 

(AnnL(a)) a = f| D(i^)a n t a (s - (3). 
We have thus proved the assertion. □ 

7. FlNITENESS 

In this section, we prove that the set Phm(D(RA)) is finite. If at — 
(3 ^ Z d , then a ^ f3, and hence there exist infinitely many isomorphism 
classes of simple objects L(oc). We however show that if we properly 
perturb a parameter ol then the annihilator ideal Ann L(a) remains 
unchanged. 

First we recall the primitive integral support function of a facet (max- 
imal proper face) of the cone IR> A We denote by T the set of facets 
of the cone IR>oA Given a G J 7 , we denote by F a the primitive integral 
support function of a, i.e., F a is a uniquely determined linear form on 
WL d satisfying 

(1) F a (R> A) > 0, 
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(2) F a {a) = 0, 

(3) F a (Z d ) = Z. 

Given ex G C d , put 

F{a) : = {a G T : F a (a) G Z }, 
V(a): = f) (F„ = 0). 

Clearly fi. G V(a) implies ^(a) C jF(ai + /z). Note that V(ot) may 
not be a linearization of a face. 

Example 7.1. Let 

/ 1 1 \ 
A = (at, a 2 , a 3 , a 4 ) =010 1 . 

\ 1 -1 / 

There are four facets: 023 := M>o«2 + K>o a 3, 013 : = IR>o a i + K>o a 3, 
(J24 := M>oa2 + Boo^M, 014 := K>o«i + !R>oCi4. Their primitive in- 
tegral support functions are respectively F a23 (s) = Si, F CTl3 (s) = s 2 , 
F ff24 (s) = si + s 3 , F ffl4 (s) = s 2 + s 3 . Let ex = '(v 7 ^, 0, -y/2). Then 
JF(ck) = {cr 13 ,o"24}, and V(a) = ^(x, 0, — x) : x G C}, which is not a 
linearization of any face of M> A 

Next we briefly review the finite sets E T (a) defined in [13] . Asso- 
ciated to a parameter vector ex G C d and a face r of the cone M>oA 
E T (ot) was defined by 

(8) E T (a) = {A G C(A n r)/Z(A n r) : a — A G NA + Z(A fl r)}. 

The set E T (a) has at most t) [Q(Anr)nZ d : Z(ADr)] elements. Indeed, 
suppose that A G C(AHr) satisfies a-A G Z d . Then E T (a) is a subset 
of 

(9) (A + Q(A n r) n Z d ) /Z(A n r) 

(see [13 Proposition 2.3]). For a facet er, E a (oc) 7^ if and only if 
F a (a) G F CT (NA), and, for faces r ^ r', £ r /(a) = implies E T (ex) = 
(see [T3J Proposition 2.2]). 

We have already introduced a partial ordering ^ into the parameter 
space C d in The following is its original definition in ^5] Definition 
4.1.1]: For ex, (3 G C d , we write 

(10) ex ^(3 if £ T (a) C £ T (/3) for all faces r. 

Hence ex ~ /3 if and only if E T (ex) = E T (f3) for all faces r. Note that 
ex + Z d has only finitely many equivalence classes, since E T (ex) and 
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E T (a + a) (a G Z d ) are subsets of the finite set © for A G C(A n r) 
with a-\eZ d . 

Lemma 7.2. Suppose that ll G V(a) and T(ot + fi) = J~(a) ■ Let r be 
a face of the cone IR> A Then E T (a+n) = if and only if E T (a) = 0. 
Moreover, if E T {a) ^ 0, i/ien 

(11) E T (a + n) = fjL + E T (a). 

Proof. By symmetry, it is sufficient to prove that if A G E T (ct) then 
H G C(A n r) and A + n G E T (a + /x). 

Suppose that A G £ T (a). Then F CT (a) = F a (a - A) G F CT (NA) C N 
for all facets a >z t. Hence C(A D r) is the intersection of a subset of 
.F(a), and thus C(A n r) D V(a). This proves /x G C(A n r). Since 
a + fx-(A + /x) = a-A G NA+Z(Anr), we see X+fi G E r (o; + fx). □ 

Corollary 7.3. Suppose that fi G V(ck) and J r (a + fx) = J 7 (a). Then 
ex. ~ /3 if and only ifa + fj,~{3 + [J,. 

Proof. If a — /3 ^ ZA, then and a + /i ^ /3 + //. 

Suppose that a — /3 G ZA Then ^"(a) = J 7 {(3), and jF(ct + /a) = 
jF(/3 + /x). The assertion follows from Lemma [7.21 □ 

Proposition 7.4. Suppose that fi G V(o:) and JF(ck + fx) — T{a). 

Then 

(12) Ann(L(a)) = Ann(L(a + //)). 
Proof. Recall Proposition 16. 2[ 

(AnnL(a)) a = t a I(Q(a) U A H (a)), 

where A[ a ](a) = {/3 : /3~/3 + a~a}. We prove that 

ZC(A [aH . M] (o)) = ZC(A w (o)), 

where ZC stands for Zariski closure. Since A[„ +M ](a) = if and only 
if A[ a ](a) = by Corollary 17.31 we suppose that they are not empty. 
Then again by Corollary 17.31 

A[cM- M ]( a ) = A* + a h(o). 
Hence for the proof it suffices to show that 

(13) Via) + ZC(A H (a)) = ZG(A [tt] (o)). 

Let (3 G A[«](a), and // G V(a)nZA Put u := Yl CTDV(a) [ZAnQr '■ 
Z(A n r)]. We show that /3 + v/jl' G A [ce] (a). 

Suppose that Cr 2 ^(°0- Then there exists a facet a >z t such 
that Ctr 2 ^(")- Thus F ff (a) ^ Z. Note that v/i', a, a — /3 G ZA, 
since a ~ /3. Hence F ff (/3), F CT (/3 + vj*'), F a (/3 + a + vli') <£ Z. This 
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implies E a {(3) = E a {/3 + «/*') = E a {/3 + a + V) = = E a {a), 
and E T (j3) = E T ((3 + V) = E T ((3 + a + vp') = = E T (a) by HI 
Proposition 2.2]. 

Next suppose that Cr D V{a). Then £ T (/3 + v/j,') = E T ((3), and 
£ r (/3 + a + vfi') = E T ((3 + a), since ujx' G Z(A n r). 
Hence (3 + vfi' G A[ a ](a). We have thus proved that 

A H (o) + v(V(a) n ZA) C A[ a ](a). 
Taking the Zariski closures, we see that 

ZC(A [a ,(a)) + y(a)CZC(A [Q] (a)). 

The other inclusion is trivial. □ 

Lemma 7.5. Lei JF' be a subset of J 7 , and let V{T') be the intersection 
fW'(^ = 0). Then 

(14) { a : T{a) 2 F }/(ZA + V{F')) 

is finite. 

Proof. The Z-module ZA + V{F)/V{F) is a Z-submodule of { a : 
.F(a) 2 ^ 7/ }/V"(^' / )- B o th o f them are free of rank dimC/V^)- 
Hence the index is finite. □ 

Theorem 7.6. The set Prim(D(R^)) is finite. 

Proof. It suffices to show that the set 

Prim^/ := {AnnL(a) : F(a) = J 7 '} 

is finite for each T' C T . 

Let Tiot) = J 7 '. Let cti, . . . , act- be a complete set of representatives 
of { a : J 7 (a) D JF'}/(Zv4 + V^')). We take the representatives so 
that if a coset ocj + F LA + V{J 7 ') has an element (3 with J 7 ((3) = J 7 ' then 
T{cx.j) = J 7 '. Then there exist j, a G Zv4, and fi G V^') such that 
a = ctj + a + fi. We have JF' = !F(ocj) = ^{otj + a). By Proposition 
17.41 AnnL(a) = AnnL(aj + a). Since each ctj + ZA has only finitely 
many equivalence classes, Primjc-/ is finite. □ 

We exhibit a computation of Prim(D(RA)) in Example 19.11 

8. Simplicity 

In this section, we discuss the simplicity of D(Ra). In the first 
subsection, we consider the conditions: the scoredness and the Serre's 
(£2). We prove that the simplicity of D(Ra) implies the scoredness, 
and that all D(RA) a are singly generated C[s]-modules if and only if 
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the condition (5 , 2 ) is satisfied. In the second subsection, we give a 
necessary and sufficient condition for the simplicity ( Theorem I8.25j) . 

We start this section by noting the Z d -graded version of a well-known 
fact. 

Lemma 8.1. The ring D(Ra) is simple if and only if Ann L(a) = {0} 
for all a. E C d . 

Proof. First note that any two-sided ideal of D(Ra) is Z d -homogeneous. 
(An ideal I is said to be Z d -homogeneous if I — ® aeZ d I D D(R A ) a .) 

It is enough to show that any maximal ideal of D(Ra) is the annihila- 
tor of a simple Z d -graded module. Let J be a maximal ideal of D(Ra). 
Let J be a maximal Z d -homogeneous left ideal containing I. Then 
D(Ra)/J is a simple Z d -graded -D(iiU)- m odule, and Arni(D(R A )/ J) 
contains /. Since / is maximal, we obtain / = Ann(D(RA) / J) ■ □ 

8.1. Scored semigroups. We recall the definition of a scored semi- 
group ([IH])- The semigroup NA is said to be scored if 

NA = p| { a E Z d : F a {a) E F a (NA) }. 

We know that E a (a) ^ if and only if F a (a) G F a (NA) ([13, Propo- 
sition 2.2]). Hence a semigroup NA is scored if and only if 

NA = { a G Z d : E a (a) ^ for all a G T}. 

In the following lemma, we characterize the subset NA of Z d in terms 
of the finite sets E T (a). 

Lemma 8.2. 

NA = {a G Z d : G E T (a) for all faces r}. 
Proof. Let To be the minimal face of M>oA We have 

{a G TLA : G E T (a) for all faces r} 
= f](NA + Z(A n r)) 

r 

= Ni + Z(Anr ). 

If To = {0}, or if the cone M>o^4 is strongly convex, then clearly NA + 
Z(A fl r ) = NA. Next suppose r ^ {0}. Then there exist Cj G Z >0 
such that = J2 a &AnT c j a j- Let 6 G Z(v4 fl r ) and b = Yl^j a j 
with G Z. Take iV G N so that Ncj + dj > for all j. Then 
b = ^(iVcj + d^Oj G NA. □ 
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Set 

(15) Si := {aeZ d : E a {a) ^ (Vct G T) }, 

(16) S 2 := { a G Z d : S ff (o) 9 (Va G .F) }. 
Then S 2 = fU:r( Nyl + Z ( A H cr)), and 

by (HH), (US)), and Lemma IO 

Remark 8.3. (1) Serre's condition (S 2 ) is the equality = 

(2) The semigroup is scored if and only if NA = S\. 

(3) By the proof of Lemma \8.2\ we have 

NA = {a G Z d : E TQ (a) 9 0}, 
where To is the minimal face. 

Our first aim in this subsection is to show that the simplicity of 
D(Ra) implies the scoredness of NA. We use the following lemma for 
the proof. 

Lemma 8.4. 

dimZC(ft(a)) < d for all a G Z d . 
Proof. Take M so that 

{a G ZA : F a (a) > M } C NA 
(see e.g. |H)J Lemma 3.6]). Then 

M-F a (a)-1 

ZC(fi(o))C |J |J (F a = m). 

(J&J r ,F a (a)<M m=0 

□ 

Proposition 8.5. If D(Ra) is simple, then NA is scored. 
Proof. We know 

S 1= p| { a G TLA : F a (a) G F a (NA) }. 

Take M as in the proof of Lemma 18.41 Then we have 

Af-l 

(17) ZC(Si\NA) C |J U(F ff = m). 

o-e^" m=0 

Suppose that NA is not scored, and a E Si\ NA. Since Si \ NA is 
a union of some equivalence classes, we have A[ a ](6) C 5i\ NA for all 
6 G ZA = Z d . Hence by (JEJ dimZC(A [a] (6)) < d for all b. By Lemma 
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EM we have dimZC(fi(6) U A [a] (b)) < d for all b. Hence AnnL(a) ^ 
by Proposition 16.21 □ 

Remark 8.6. By Van den Bergh [20, Theorem 6.2.5], if D(Ra) is simple, 
then Ra is Cohen-Macaulay. Example 19.21 shows that NA being scored 
and Ra being Cohen-Macaulay are not enough for the simplicity of 
D(R A ). 

Now we prove the fact announced in Remark 14.21 

Proposition 8.7. The C[s]-modules D(RA) a are singly generated for 
all a E Z d if and only if the semigroup NA satisfies (S2). 

Proof. First we paraphrase the condition (S2) ■ In [TT)| Proposition 3.4], 
we have shown that there exist (&;, Tj) (i — 1, . . . , I), where 6j G R>o^4n 
Z d and Ti is a face of the cone M>oA such that 

1 

(18) {R> A n Z d ) \NA = [jib, + Z(A n n)) n R> A. 

1=1 

We may assume that this decomposition is irredundant. Then {6j + 
Z(A n Ti) : i — 1, . . . , 1} is unique. By |IBJ Lemma 3.6], for a £ J 7 , 

NA + Z{A n a) = [R> A + R(A n <r)] n Z d \ (J (6, + Z(A n 75)). 

T;=CT 

Hence we obtain 

p| (na + z(A n a)) = m> a n z d \ [J (bi + z(A n r;)). 

This means that satisfies (S2) if and only if each 7j appearing in 
()18|) is a facet. 

Suppose that NA satisfies (S2). Then, by the previous paragraph 
and jini Proposition 5.1], we have 

ZC(n(o)) = |J |J F-\m) 

F a (a)<0 m<-F„(a),meF„(NA) 

U |J F-^lH-a). 

b t -aeNA+Z(Anri) 

Hence I(Q(a)) is singly generated. 

Next suppose that NA does not satisfy (S2). Then a face of codi- 
mension greater than one appears in the difference (|18j). Let ri be a 
face of codimension greater than one, and let bi + Z(A n ri) appear in 
the difference. Then 

ZC(fi(6i))= |J (bi-bi + C^nrO). 

6j-6 1 eNA+Z(Anr i ) 
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We show that C(A fl T\) is an irreducible component of ZC(fi(&i)). 
Suppose the contrary. Then there exists i such that 

(19) g NA + Z(Anr;) 

(20) C(Ann) C bi-bj + C^nri). 

The latter equation (}2T)j) means that 6j — b\ G C(A fl r») and n z< r,. 
Combining with ()19p. we have 6^ — &i G Z(A fl Tj). This contradicts 
the irredundancy of ()18j) . We have thus proved C(A fl Ti) is an irre- 
ducible component of ZC(0(6i)). Hence the ideal I(fi(6i)) is not singly 
generated. □ 

In the rest of this subsection, we consider the simplicity of Ra and 
Si. The following lemma is immediate from the definition of E T (0). 

Lemma 8.8. 

E T (0) = {0} for all faces r. 
Lemma 8.9. Let a G Z d . Then there exists b G NA such that 

9 E T (a + b) = [Q(A nr)nZ rf : Z(A n r)]. 
(In i/ws situation, we write E T (a + b) = full.) 

Proo/. We may assume that a G MA. Let A G Q(A n r) n Z d /Z(A n r), 
take its representative, and denote it by A again. Write —A = J2k dk a k 
with 4 G Z. Then -X^o 6 ^ ^ - X^o*^ ^- Hence a + 
(- EdKO - A G NA Thus A G E T {a + (- £ dfc<0 d fc a fc )). We 
repeat this argument for each pair (r, A) to prove the assertion. □ 

Proposition 8.10. The semigroup algebra Ra is a simple Z d -graded 
D(Ra) -module if and only if 

(21) Q(A n r) n Z d = Z(A n r) for all faces r. 

Proof. By Lemma [8.81 Ra = C[NA] is a simple graded _D(.R,4) -module 
if and only if E T (a) = {0} for all faces r and a G NA. This is equivalent 
to the condition (J21j) by Lemma [8.91 □ 

Lemma 8.11. If the semigroup NA is scored, then it satisfies (|21|). 

Proof. For a facet a, take G N so that M a is greater than any 
number in N \ F CT (NA). 

Let t be a face, and let x G Q(A fl r) fl Z d . For each facet a )£_ r, 
there exists a a G A fl r \ a. Take m CT large enough to satisfy F a (x) + 
m a F a (a a ) > M a . Let y = x + J2 a ^ T m a a a . Then y G Q(A n r) n Z d , 
and 

F CT (y) = if a b r, 
Faiy) > Af CT otherwise. 
Since NA is scored, ;y G NA. Hence y G N(Aflr), and x G Z(Anr). □ 
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Corollary 8.12. If the semigroup NA is scored, then Ra is a simple 
Z d -graded D(Ra) -module. 

Proof. This follows from Proposition 18.101 and Lemma 18.111 □ 

Proposition 8.13. The semigroup NA is scored if and only ifC[Sx] is 
a simple Z d -graded D(Ra) -module. 

Proof. Suppose that NA is scored. Then Si = NA. Hence C[Si] is a 
simple Z d -graded -D(i?yi)- m odule by Corollary 18.121 

Suppose that C[Si] is a simple Z d -graded D(Ra) -module. Since Ra is 
a nonzero Z d -graded /^(-R^-submodule of C[Si], we have Ra = C[Si]. 
Hence NA is scored. □ 

8.2. Conditions for simplicity. The aim of this subsection is to give 
a necessary and sufficient condition for the vanishing of a primitive 
ideal AnnL(a). It leads to a necessary and sufficient condition for the 
simplicity of D(Ra). 

We start this subsection by introducing some notation. Let a G C d . 
Set 

T+{cx) : = {aeJ:F ff (a)eF ff (NA)}, 
JF_(a) := {aGf : F a (a) eZ\F a (NA)}, 

and 

R>o(o).-|7eR • F(T ( 7 )<0 (<rer-{a)) J" 

Let Face(o:) denote the set of faces r such that a - A G Z d for some 
A G C(A R r), and that every facet a containing r belongs to JF + (ck). 
Let [ex] denote the equivalence class that a belongs to. An equivalence 
class [a] is said to be extreme if E T (ct) has [Q(A n r) n 7L d : Z(A n r)]- 
many elements (i.e., E T (a) = full) for every r G Face(o;), and that 
E T (cx) is empty for every r ^ Face(o;). 
We compare the conditions: 

(1) An equivalence class [a] is extreme, 

(2) K >0 (q!) is not empty, 

(3) ZC([a})=C d , 

(4) AnnL(a) = 0. 

Remark 8.14. The conditions (1) and (2) have an advantage over the 
condition (3), for to check (1) and (2) we do not need the equivalence 
class [a], which is not easy to compute. 

We need the following technical lemmas. 
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Lemma 8.15. Let r be a face of WL>qA. Then there exists M G N 
such that, if a G Z, d satisfies F a (a) > M for all facets a >z t, then 
E T {a) = full. 

Proof. Let A G Q(Anr) nZ d . By [H Lemma 3.6], there exists M G N 
such that cgM + Z(A n r) for all c e Z d satisfying F a (c) > M for 
all facets a >z r. Hence, if a G Z d satisfies -F CT (<2) > M for all facets 
<t>zt, then a — A G NA + Z(A n r), or A G E T (a). □ 

Lemma 8.16. Let t be a face ofM.>oA, and let ex G C d . Assume that 
there exists A G C(A D r) suc/i t/iat a — A belongs to Z d . T/ien t/iere 
exists M G N suc/i t/iat, i/'y G ck + Z d satisfying F a (y) G Z>^/ /or a// 
facets a y t, then E T (~f) = full. 

Proof. Apply Lemma 18.151 to 7 — A. □ 

Proposition 8.17. If the Zariski closure of an equivalence class [ex] is 
the whole space C d , then K>o(o:) is noi empty. 

Proof. Since the set 

/ 99 x , 7 d . F a (~f) e F a (NA) (t7G^ + (a)) 

1 j |7£« + ^ • Fct ( 7 ) GZ\F CT (NA) (o-GJF_(a)) 

contains [a], its Zariski closure equals C d . Take a real number e so that 
e is algebraically independent over Q[F CT (Re(o:)), F CT (Im(a:)) : o G T\. 
Put a e := Re(ai) + elm(ai), where Re(a) and Im(a) are the vectors 
in M. d with ex = Re(a) + Tim (a) Then .F + (a) = jF + (c»! e ), and 
jF_(ai) = jF_(a e ), since cr g ^±(ck) or T±(cx e ) implies Fo-(Im(o:)) = 0. 
The set 

(23) \ <y G a + Z d ■ Fct(7) G Fct(NA) ((T G *+(<*)) 1 



is bijective to the set (j22j) under the map sending a t + atoa + a, and 
hence its Zariski closure equals C d . The Zariski closure of 

(E2D\ IU = °) \ U^_(«) U meN \F CT (NA)(^ = m ) 

also equals C d . Hence M>o(o:) is not empty. □ 

Proposition 8.18. If the Zariski closure of an equivalence class [ex] is 
the whole space C d , then [ex] is extreme, i.e., 

[a] = { 7e a + *: £ « I ™ 

Proof. By Lemma fe.161 the equivalence class 

frv 1 ._ / p , ^ . ^-(7) = full (r G Face(a)) 1 
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contains 

1 ; I ' ^(7) <0 (ff£f-(a)) J 

for some M sufficiently large. 

Suppose that [a] 7^ [aj. Then [a] does not belong to the set 
Hence we have 

M-l 

[a] C |J |J{ 7 Ga + ZA : F a ( 7 ) = m}. 

<reJ r +(a) m=0 

This contradicts the assumption that the dimension of ZC([o:]) equals 
d. □ 

Proposition 8.19 (cf. Proposition 3.3. f in [T2"]). Lei ck G C d . T/ien 
Ann(L(a)) = if and only if ZC([a]) = C d / 

Proof. Let / := Ann(L(a)). Recall that we have 

I a = n(0(a)UA [a ,(a)), 

where 

A[ a ](a) = {7 : 7~a, 7 + a~o;}. 

Since Jo = HQ 01 ])) the vanishing of / leads to the assertion that 
ZC([a]) = C d . 

Next suppose that ZC([ck]) = C . As in the proof of Proposition 
18.181 there exists M G N such that 

1 J " I ' ^(7) < (<r e J 7 - (a)) j 

Hence 
A H (a) 

/ d . F CT ( 7 ) > max{M, -F CT (a)} (a G J>(a)) 

-\ 7G + • F ff (7)<min{0,-F CT (a)} 

Since the right hand side is <i-dimensional by Proposition 18.171 the 
Zariski closure ZC(A[ a ](a)) is also <i-dimensional. Hence I a = for all 
a G Z d . ' □ 

Proposition 8.20. If [a] is extreme, and M. >0 (cx) is not empty, then 
ZC([«]) = C d . 

Proof. As in the proof of Proposition 18.181 [a] contains 

\ 7Ga + Z • ^(7)<0 (aG^H) J 
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for some M sufficiently large. By the assumption, the dimension of 



Theorem 8.21. Let ot G C d . Then Ann(L(a)) = if and only if [a] 
is extreme, and M. >Q (ct) is not empty. 



Theorem 8.22. The algebra D(Ra) is simple if and only if the condi- 
tions 

(CI) Any equivalence class is extreme. 
(C2) For any a, M > o(ck) is not empty, 
are satisfied. 

Proof. This follows from Lemma 18.11 and Theorem 18.211 □ 

Remark 8.23. To know whether D(Ra) is simple or not, by Theorem 
17.61 we need to check (CI) and (C2) only for finitely many ct. 

Proposition 8.24. If the semigroup NA is scored, then it satisfies the 
condition (CI). 

Proof. First note that the condition (J21)) is satisfied in the scored case 
by Lemma f8. Ill 

Let A G C(A n r) and a - A G Z d . Suppose that a G T + [a) for all 
facets a containing r. We need to show A G E T (ot). 

If a facet a contains r, then cr G JF + (ck), or F a (ct) G -F CT (NA). Hence 
F a (ot — A) G -F CT (NA). If a facet a does not contain r, then there exists 
aj G A n t such that F a {af) > 0. Hence F a (ct - A + ma,) G 
for m G N sufficiently large. Hence there exists a G N(A fl r) such that 
F a {cx. — A + a) G F CT (Ny4) for all a G JF. Since is scored, we obtain 
a-A + a£ NA. This means A G E T (a). □ 

Theorem 8.25. TTie algebra D(Ra) is simple if and only if the semi- 
group NA is scored and satisfies the condition (C2). 

Proof. This immediately follows from Theorem 18.221 and Proposition 



Corollary 8.26. Assume that the cone M>o^4 is simplicial. Then the 
algebra D(Ra) is simple if and only ifNA is scored. 




□ 



Proof. This follows from Propositions 18.171 18.181 and 18.201 



□ 



EM 



□ 



Proof. In this case the cone M>o^4 has exactly d facets. Since the d F^s 
are linearly independent, the condition (C2) is satisfied. □ 
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9. Examples 

Example 9.1. Let 

A - ( 1 1 2 2 \ 
\l 2 1 ) ■ 

Then NA is the set of black dots in Figure 1, and R> A has two 
facets: a 2 '■= M.> a 2 and cr 3 := BL> a 3 . Their primitive integral support 
functions are F a2 {s) = 2s\ — s 2 and F a3 (s) = s 2 respectively. 



f * * 
/• • • 

r * * * 
/• • • • 

• O • O • ► 0" 3 

Figure 1. The semigroup NA 

The condition (C2) is satisfied, since M> A is simplicial. However 
D(Ra) is not simple, since NA is not scored. We have 

{a : JF(a) = 0}/C 2 = {'(v^v^)} 

{a:F»GZ}/(Z 2 + (F ff2 = 0)) = f(±V2, v^)} 

{a : F CT3 (a) G Z}/(Z 2 + (F a3 = 0)) = {'(v^O)} 

{a:F,HF„ 3 (a)GZ}/Z 2 = {*(0, 0), «(i 0)}. 

First we classify Z 2 . Let a G Z 2 . Then we see 

• £ K>0 (a) = {0}, 

• E n (a) = {0} ^2cn -a 2 > 0, 

• E <T3 (a) = {0,*(l,0)}^a 2 >l, 

• E as (a) = {0} «2 = 0, «i 6 2Z, 

• E ff3 (a) = {*(1,0)}^« 2 = 0, «i G2Z + 1, 

• £{ }(a) = {0} a G NA. 
There are eight classes in Z 2 : 

(1) 

{a G Z 2 : E a2 (a) = {0}, K 3 (a) = {0/(1,0)}, E {0} (cx) = {0}} 
= {*(«!, a 2 ) e Z 2 : a 2 > 1, 2«i - a 2 > 0}. 
(2) 

{a G Z 2 : K 2 (a) = 0, K 3 («) = {0,*(1,0)}, E {0} (cx) = 0} 
= {*(«!, ol 2 ) G Z 2 : a 2 > 1, 2ai - a 2 < 0}. 
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{a G Z 2 : E a2 {a) = {0}, E n (a) = {0}, E {0} {cx) = {0}} 
= {*(ai, a 2 ) G Z 2 : a 2 = 0, ot x G 2N}. 

(4) 

{« G Z 2 : £ CT2 (a) = {0}, £ CT3 (a) = {*(1,0)}, E {0} (a) = 0} 
= { t (a 1 ,a 2 ) G Z 2 : a 2 = 0, a a G 2N + 1}. 

(5) 

{a G Z 2 : ^(a) = 0, E uz {a) = {0}, E {0} (cx) = 0} 
= {*(ai,a 2 ) G Z 2 : a 2 = 0, a a G 2(-N - 1)}. 

(6) 

{a G Z 2 : £ CT2 (a) = 0, ^(a) = {'(1,0)}, £ {0} (a) = 0.} 
= {*(ai, a 2 ) G Z 2 : « 2 = 0, fti G -2N - 1}. 

(7) 

{a. G Z 2 : £ ff2 (a) = {0}, £ CT3 (a) = 0, E {0} (a) = 0} 
= {'(ai,a 2 ) G Z 2 : « 2 < 0, 2ai -« 2 > 0}. 

(8) 

{a G Z 2 : £ CT2 (a) = 0, E a3 (a) = 0, E {0} (cx) = 0} 

= {'(ai, a 2 ) G Z 2 : « 2 < 0, 2ai - a 2 < 0}. 

Let a be not extreme, i.e., let a belong to (3), (4), (5), or (6). Then 
ZC(A[ a ](a)) = { fi : fjL 2 = } if a 2 = and a x G 2Z, and A [ce] (a) = 



Let a be extreme, i.e., let a. belong to (1), (2), (7), or (8). Then 
ZC(A H (a)) = C 2 for all a G Z 2 . 

Similarly *(V2, v / 3) + Z 2 , \\\/2, v / 2) + Z 2 , *( v / 2,0) + Z 2 , and*(±,0) + 
Z 2 have one, two, four, and eight equivalence classes respectively. We 
see that ex = t (ati, ct 2 ) is not extreme if and only if a 2 = if and only 
if AnnL(a) = AnnL(O). 



(3) 



otherwise. 



Hence 



Prim( J D(i? A )) = { (0), AnnL(O) }. 
Example 9.2. (cf. [19, Example 4.9].) Let 



.4 
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Then the cone M>o^4 has four facets whose primitive integral support 
functions are 

F au (s) = s 2 , Fa 36 (s) = 3si - s 2 , 
F <7X2 3 ( s ) = s 3, F a456 (s) =s x - s 3 . 

We have an equality 

(25) F au + F a36 = 3[F ai23 + F a456 ). 

Then the semigroup 

S := ~NA = {a G R> A n Z 3 : F ai4 (a) ^ 1} 

is scored. Let a. = '(0,1,0). Then Face(a) = {F ai23 , F ai5fj } . We see 
that ex is extreme, and R>o(ck) is empty. Hence Ann L(a) ^ 0. 

Let A := F ai4 + 2F a36 = 6si — s 2 , and let E\ be the blow-up extension 
of S, 

:={(") :p<A(a)}. 

We can prove that an affine semigroup is scored if and only if its blow- 
up extension is scored by the same argument as the proof of ^01 Lemma 
1.1]. Thus E\ is scored. Indeed, the cone M.>oE\ has six facets whose 
primitive integral support functions are 

F^r 4 {s,p) = F ai4 {s) F^{s,p) = F a , i6 {s), 

-^<xi23 ( s > £*) — -^0-123 ( s )> -Affile ( s > P) ~ Fa^Q^S), 

F a p (s,p)=p F ax (s,p) = A(s) -p, 

and 

E x = R> £ A n Z 4 \ (F^ = 1). 

In addition, Cf-EoJ is Cohen-Macaulay ^21 Example 4.9]. 

However D(C[E X )) is not simple. To see this, let (3 = '(0,1,0,0). 
Then 

= {^u3,o^e,cr p }, F-((3) = {c^,o^ 6 ,cr x }. 

By (ESD 

(F a ~ > o) n {F a ~ > o) n (Fgs < o) n < o) 

is empty. Hence M>o(/3) is also empty, and D(C[E X \) is not simple by 
Theorem 



PRIMITIVE IDEALS OF THE RING OF DIFFERENTIAL OPERATORS 29 



References 

[I] R.C. Cannings, The lifting theory of rings of differential operators, Ph. D. The- 
sis, The University of Leeds, 1991. 

[2] I. M. Gel'fand, General theory of hypergeometric functions, Dokl. Akad. Nauk. 

SSSR 288 (1986) 14-18; Soviet Math. Dokl. (English translation), 33 (1987) 9-13. 
[3] I.M. Gel'fand, A.V. Zclcvinskii, M.M. Kapranov, Equations of hypergeometric 

type and Newton polyhedra, Soviet Mathematics Doklady 37 (1988) 678-683. 
[4] I. M. Gel'fand, A. V. Zelevinskii, M. M. Kapranov, Hypergeometric functions 

and toric varieties, Funktsional. Anal, i Prilozhen 23 (1989) 12-26; Funct. Anal. 

Appl. (English translation), 23 (1989) 94-106. 

[5] I. M. Gel'fand, M. M. Kapranov, A. V. Zelevinskii, Generalized Euler integrals 
and A-hypergeometric functions, Advances in Mathematics, 84 (1990) 255-271. 

[6] A. Grothendieck, J. Dieudonnc, Elements de Geometric Algebrique IV. Publ. 
Math. I. H. E. S., Vol. 32, 1967. 

[7] J. Hrabowski, Multiple hypergeometric functions and simple Lie algebras SL 
and Sp, SIAM J. Math. Anal. 16 (1985) 876-886. 

[8] A.G. Jones, Rings of differential operators on toric varieties, Proc. Edinburgh 
Math. Soc. 37 (1994) 143-160. 

[9] E.G. Kalnins, H. L. Manocha, W. Miller, The Lie theory of two-variable hyper- 
geometric functions, Stud. Appl. Math. 62 (1980) 143-173. 

[10] M. Kashiwara, D-modules and microlocal calculus, Transl. of Math. Mono- 
graphs vol. 217, American Mathematical Society, Providence, 2003. 

[II] I.M. Musson, Differential operators on toric varieties, J. Pure Appl. Algebra 
95 (1994) 303-315. 

[12] I.M. Musson and M. Van den Bcrgh, Invariants under tori of rings of differential 
operators and related topics, Mem. Amer. Math. Soc. 650 (1998). 

[13] M. Saito, Isomorphism classes of A-hypergeometric systems, Compositio Math- 
ematica 128 (2001) 323-338. 

[14] M. Saito, B. Sturmfels, N. Takayama, Grobner deformations of hypergeomet- 
ric differential equations. Algorithms and Computation in Mathematics, vol. 6, 
Springer, New York, 2000. 

[15] M. Saito, W.N. Traves, Differential algebras on semigroup algebras, AMS Con- 
temporary Math. 286 (2001) 207-226. 

[16] M. Saito, W.N. Traves, Finite generations of rings of differential operators of 
semigroup algebras, J. Algebra 278 (2004) 76-103. 

[17] S.P. Smith, J.T. Stafford, Differential operators on an afBne curve, Proc. Lon- 
don Math. Soc. 56 (1988) 229-259. 

[18] M. Sweedler, Groups of simple algebras, Publ. Math. I.H.E.S. 44 (1974) 79- 
189. 

[19] N.V Trung, L.T. Hoa, Affinc semigroups and Cohen-Macaulay rings generated 
by monomials, Trans, of AMS 298 (1986) 145-167. 

[20] M. Van den Bergh, Differential operators on semi-invariants for tori and 
weighted projective spaces, Topics in invariant theory (M. P. Malliavin, ed.), Lec- 
ture Notes in Mathematics 1478 Springer, Berlin, (1991) 255-272. 

Department of Mathematics 
Hokkaido University 



30 MUTSUMI SAITO 

Sapporo, 060-0810 
Japan 

e-mail : saito@math.sci . hokudai. ac . j p 



